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ABSTRACT

We consider the harmonic measure on the Gromov boundary of a non-
amenable hyperbolic group defined by a finite range random walk on
the group, and study the corresponding orbit equivalence relation on the
boundary. It is known to be always amenable and of type III. We de-
termine its ratio set by showing that it is generated by certain values of
the Martin kernel. In particular, we show that the equivalence relation is
never of type IIlp.
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Introduction

Given a discrete group I' and a probability measure 4 on I', one can construct a
measure space (X, ) with an action of " on it called the Poisson boundary. In
many cases this space can be identified with a geometric boundary of I', and then
the harmonic measure v is the hitting distribution of a random walk defined by
. E.g. if T is a nonelementary hyperbolic group and p is finitely supported then
the Poisson boundary coincides with the Gromov boundary [A] (see also [K1]).
Conversely, a large class of measures on the Gromov boundary can be obtained
as harmonic measures for certain random walks (though typically not of finite
range) [CM1, CM2].

It is known that the action of I on (X,v) is always ergodic, amenable and,
as soon as (X,v) is nontrivial, of type III. In particular, apart from the type
IIIy case, the orbit equivalence relation is completely determined by the ratio
set [CFW, Kr] . There are a number of papers dealing with the computation of
the ratio sets for such actions. To name a few, Sullivan [Sul, Su2] proved that
the recurrent part of an action of a discrete conformal group on the sphere S¢
relative to the Lebesgue measure is of type III;. Spatzier [Sp] showed that if
T is the fundamental group of a compact connected negatively curved manifold
M then the action of I' on the sphere at infinity of the universal cover M of M
considered with the visibility measure class is again of type III;. For the case
of free groups the ratio sets for certain harmonic measures were computed by
Ramagge and Robertson [RR] and one of the authors [O].

The result of Spatzier mentioned above is based on the work of Bowen [B]
who studied equivalence relations defined by Anosov foliations. Bowen’s compu-
tations are based in turn on the fact that these equivalence relations are stably
isomorphic to certain equivalence relations arising from symbolic dynamical sys-
tems with Gibbs measures. Since harmonic measures on the boundaries of free
groups are Gibbs measures [La, L, Se], Bowen’s results determine, in principle,
the types of equivalence relations on the boundaries of free groups. Moreover, in
view of connections between hyperbolic groups and symbolic dynamical systems
(see e.g. [CP]), one can hope that his results can be applied to arbitrary hyper-
bolic groups. Indeed, following Bowen’s strategy we completely determine the
ratio set for any nonelementary hyperbolic group and the harmonic measure de-
fined by a nondegenerate finite range random walk on the group. In particular,
we show that the orbit equivalence relations we consider are never of type IIlj.
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Note that our result can be thought of as a von Neumann algebra counterpart
of the results of Anantharaman-Delaroche [AD] and Laca and Spielberg [LS]
saying that the crossed product C*-algebras arising from boundary actions of
hyperbolic groups are purely infinite.

We cannot directly apply Bowen’s result on Gibbs measures to our problem
and we need to produce hyperbolic group versions of various statements he used.
One of the most important ingredients of our proof is Ancona’s result on almost
multiplicativity of the Green kernel, which was the key observation for identi-
fication of the Martin boundary and the Gromov boundary [A]. The Hélder
continuity of the Martin kernel also plays an essential role and to establish it
we follow Ledrappier’s argument [L] in the case of free groups. In the course
of our proof, we also show a vanishing theorem for certain first cohomology of
the boundary action of a hyperbolic group, which is considered as a version of
Livschitz’ theorem for hyperbolic dynamical systems.

1. Preliminary

We first recall the notions of Martin and Poisson boundaries, see e.g. [R] and [W]
for details. Let I' be a discrete group with a symmetric finite set S of generators.
We denote by |g| the word length and by d(z,y) = |z~ y| the word metric with
respect to S. Let p be a finitely supported probability measure on I'. We shall
assume that p is nondegenerate in the sense that the semigroup generated by
the support of p coincides with I'. The measure p defines a random walk on T’
with transition probabilities p(z,y) = pu(x~1y). Let P be the Markov operator
with kernel {p(x,y)}s,. Assume that the random walk is transient, that is, the

Green function
o

G(l‘, y) = Zp(n) (l‘a y)

n=0

is finite, where {p™(z,)}., is the kernel of P". This is the case when T is
nonamenable. Moreover, in the latter case there exist C' > 0 and A > 0 such
that

(1.1) G(z,y) < Ce @),

Indeed, without loss of generality, we may assume that the support of u is
contained in S. By [DG] the spectral radius of P considered as an operator on
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¢?(T) is less than 1. Hence, there exists z > 1 such that the operator

n=0

is bounded. In particular, there exists ¢ > 0 such that (G,d,,0,) < c. Since
by assumption we have a nearest neighbor random walk, p("™) (z,y) = 0 for
n < d(z,y). Hence

Gla,y) < =10 3 2 (2, y) = 2~ 4e9(GL6,,5,) < 21V,
n=0
which implies (1.1).
The Martin kernel is defined by
G(z,y)
Gle,y)’

where e € T is the unit element. The Martin compactification I' of T' is the

K(z,y) =

smallest compactification such that I' C T is discrete and the functions K (z,-),
z € T, extend to continuous functions on I'. The Martin boundary is Oy I =
['\I'. The left action of " on itself extends to a continuous action on T.

Let Q = HZOZO I" be the path space of our random walk. For any point g € I’
we have a Markov measure P, defined on paths starting at g. For Pg-almost
every path z = {z,}, € Q the sequence {z,}, converges to a point on the
boundary, so we get a map {2 — dpI'. Denote by v, the image of P, under this
map. The measure space (Op T, V) can be identified with the Poisson boundary
of the random walk. We shall write v instead of v.. The measures vy, g € T,
are equivalent, and we have

K(g,w)= Yo (0) = D)
where gv is the measure defined by gv(X) = v(g~ 1 X).

Next we recall basic facts about hyperbolic groups, see e.g., [GH]. As above,
we assume that I' is a finitely generated group with a symmetric finite set .S of
generators. Denote the closed ball with center z and radius r by

B(z,r)={geT:d(z,g9) <r}.
For a subset A C I', we write

N(A,r) ={geTl:d(g,A) <r}
and dA = {g e T: d(g,A) =1}.
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The Gromov product is defined by the formula

(aly). = 5(d(e, 2) + dly, =) — d(z, ).

for z,y,z € I'. When z is the unit element e, we simply write (z|y) = (z|y)e.
Let 6 > 0. The group T is said to be d-hyperbolic if

(zly) = min{(z|z), (y|2)} -4,

for every z,y,z € T.
If T is 6-hyperbolic, then every geodesic triangle A = {«, 3,7} in T is 46-slim,
ie.,

a C N(BU~v,406), BCN(yUaq,40), ~C N(aU}ps,46).

Given a geodesic triangle A = {«, 8,7}, we associate to it in a natural manner
a tripod, which is denoted by Ta, and a map fa : A — T whose restriction
to each geodesic segment of A is isometric. Then it is also known that if " is
d-hyperbolic, then every geodesic triangle A is 4-thin, i.e., if fa(z) = fa(y),
then we have d(z,y) < 46.

A sequence {z;};>1 in I is said to converge to infinity if lim; ;oo (2;|z;) =
00. The Gromov boundary OI' is defined as the set of equivalence classes of
sequences converging to infinity in I', where two sequences {x;};>1 and {y;}i>1
are said to be equivalent if lim; ;. (x;]y;) = oc.

The Gromov product (p|q) for p,q € T'U T is defined by

(plg) = sup liminf(z;|y;),
1,j—00

where the sup above runs over all sequences {z; };>1 converging to p and {y; }i>1
converging to ¢q. By d-hyperbolicity,

(plg) — 20 < liminf(x;[y;) < (plg)

holds for all such {x;};>1 and {y;}i>1. Recall that I' UJT" is compact equipped
with the base {B(x,r)} U{V,(p)}, where

Vi(p) ={q €T UIT: (¢|p) > r}.
One can introduce a metric p on OI' such that
a~EO-¢ < p(£,¢) < a~€lO+e,

for some a > 1 and ¢ > 0. We call any such metric visual.
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For p,q € T U AT, we denote by [p,q] the set of all geodesic segments (or
rays, lines) between p and ¢. For p, ¢ € 9T" and any geodesic rays x € [e, p] and
y € le, q], the quantity (z(m)|y(n)) is increasing both in m and n.

Recall next that every geodesic triangle with k vertices in " and 3—k vertices
in I" is 4(k + 1)6-slim.

If {x(n)}se, and {y(n)}S2, are geodesic rays converging to the same point
in OI", then for all n > 0 we have

d(w(n), y(n)) < d(2(0), y(0)) + 8.

In addition, if z(0) = y(0), then d(z(n),y(n)) < 46 for n > 0.

Throughout the paper we assume that I is a nonelementary hyperbolic group
(that is, it does not have a cyclic subgroup of finite index) and study a random
walk on it defined by a finitely supported nondegenerate probability measure
. Then the group is nonamenable, and its Martin boundary coincides with the
Gromov boundary by a result of Ancona [A]. We fix a finite symmetric set S
of generators containing the support of u.

2. Multiplicativity of the Green function along geodesic segments

For any points z, y and z we have F(z,2)G(z,y) < G(z,y), where

G(z,z2)

G(z,2)

is the probability that a path starting at = hits z. The main technical result

F(x,z) =

of Ancona [A] needed to identify the Martin boundary of a hyperbolic group
with its Gromov boundary is that up to a factor the converse inequality is also
true if z lies on a geodesic segment « € [z,y]. We shall need a slightly stronger
result saying that the same is true for the restriction of the random walk to
any subset containing a sufficiently large neighborhood of the segment. This is
essentially contained in [A], but we shall give a detailed proof for completeness.

For a subset A C I' consider the induced random walk on A (to be precise,
to get a random walk we have to add a cemetery point to A). We denote the
corresponding quantities using the subscript A, so we write Pa, Ga, and so on.

PROPOSITION 2.1: There exist Ry > 0 and C > 1 such that if z,y € I' and
v € T lies on a geodesic segment « € [x,y], then

Ga(z,y) < CFa(z,v)Ga(v,y)



Vol. 163, 2008 THE RATIO SET OF THE HARMONIC MEASURE 291

for any A C T' containing N («, Rp).

For A C I denote by f»(")(z,%) the probability that a path from z hits A for
the first time at the n-th step and at y € A, and by F*(z,y) = Yon A0 (2,9)
the probability that a path from x hits A for the first time at y. Dually, denote
by 18" (z,7) the probability that a path from z € A stays in T'\A till the n-th
step, when it passes through y, and put L (z,y) = > 0 ().

Since p is nondegenerate, there exists K € N such that d(z,y) = 1 implies
p*) (z,y) > 0 for some k < K. Then if f is a superharmonic function, that is,
f>0and Pf < f, we have p™*) (2,9)f(y) < f(x). Thus if we set

Ci = sup{p(k)(e,g)*lz ge s, k<K, p(k)(e,g) > 0},
we get

(2.1) fly) < Cif(x).

The same is true for z,y € A, d(z,y) = 1, if f is Pa-superharmonic and A
contains N ([z,y], K). Moreover, similar inequalities with the same constant C;
hold for the random walk defined by the measure ji, ji(g) = u(g~'). For the
random walk defined by ji we write P, Pa, and so on.

For |z| < 1/p(P), where p(P) = lim, .o p™(e,e)/™ < 1 is the spectral
radius of our random walk, define

G(x,yl2) = Zp

We similarly introduce FA(z,y|z) and L™ (z,y|2).

Observe that since p(" (z,y) < p™(x,y), the functions Ga(z,y|2),
FQ(z,y|2), and so on, are well-defined for any A C I and A C A.

Fix a number ¢ such that p(P) < ¢t < 1, and set s = 1/t. Next choose £ € N

such that ¢ > 8% and r € N such that t"C%e < 1. Finally, put
Ro=r+2(+ K+ 1.
For z,y,v € T" define
Uswy ={9 €T: (gy)x > d(z,v)}.

Since (g9]y)z + (g|z)y = d(z,y), it follows that if v lies on a geodesic segment
between x and y then I'\ Uy vy C Uy 4 2
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LEMMA 2.2: There is C' > 1 such that
Ga(z,w) < C'Fa(z,v)Ga (v, wls),

forw € ANN(Uyg,y,y,1), whenever z,y € I" and v € T lies on a geodesic segment
a € [z,y] with N(«, Ro) C A.

Proof. The proof follows that of [W, Proposition 27.8]. Let m be the integer
part of d(z,v)/¢. Consider vy, ..., vm € a between x and v such that d(vg,v) =
(m — k)¢. We denote Uy o,y by Wi. Then we have

(i) vy € N(W, 1) and Wy, C Wi_q;

(ii) if w € Wy with d(w,vx) > r+ 1+ 84, then B(w,r +1) C Wy_1.
Indeed, (i) is trivial. Let w € Wy, with d(w,v;) > r+ 14 8J. Since Azwy is
40-thin there is vj,, which lies on a geodesic segment between = and w, such
that d(x,v},) = d(z,vi) and d(vk,v},) < 49. Let w’ € B(w,r +1). If (w'|w), <
d(z,v},), then since Azww' is 49-thin, there is v}/, which lies on a geodesic

segment between w’ and w, such that d(vy,v},) < 49. Then
d(w,v) < d(w,vy) +d(vy,vy,) + d(vy, ve) <7+ 1+ 86,
which is a contradiction. Hence, (w'|w); > d(z, v;,) = d(z,vi). Therefore,
(w'ly)e = min{(w'|w)e, (wly)a} — 0 > d(z, vx) = 6 > d(z,ve-1),

so that w’ € Wy_1, and (ii) is proved.
The constant in the statement of the lemma will be C' = 6’12”4”2. By

induction on k we will show that
(2.2) Ga(z,w) < C"Fa(x,vr)Ga (v, wls),

for w e ANN(Wg,1).

For the case k = 0, let w € A. Then d(z,v9) < ¢. Since A contains the
K-neighborhood of the geodesic segment between x and vy, by the Harnack
inequality (2.1) for Ga (-, w) we obtain

Ga(z,w) < CYGa(vo, w) < CLGA(vg, wls).
Similarly we also get
Ga(vo,v0) < CLGA(z,v0)
and so
1 < C{Fa(x,vo).
It follows that (2.2) holds for £ = 0 and all w € A.
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Now suppose that inequality (2.2) holds for k — 1. Using again the Harnack
inequality, we have

Ga(vk-1,9|s) < C{GA(vk, g]s)
and
1< CfFA(’Uk_l,’Uk).

Therefore, it follows from the induction hypothesis that for any g € A N Wy_1

Gal(z,9) < C'"Fa(@,vk-1)Ga(vk-1,9|5)
< C'CY'Fa(x,vp—1)Fa(vk—1,v1)Ga(vk, g]3)
< C'C* Fa(z,v)Ga(vk, g]s).
Let w € ANN (W, 1). Assume first that d(w, vg) > r+2¢+2. Then d(z, w) >
r. Indeed, let w’ € W}, be such that d(w,w’) < 1. Then d(w’,vg) > r+ 20+ 1,
whence B(w',r + 1) C Wy_; and also B(w,r) C Wy_1. This proves the claim
since & ¢ Wy_1.
It follows that any path from z to w must pass through the set

A={ge A:d(g,w) =r}.
Therefore using that A € Wy_1 and lg’(")(g, w) =0 for n < r we get

GA(:L‘) w) = Z GA(xag)Lg(ga w)

geA

< 'S Fale,v0)Ga(vr, gls)t LA (g, wls)
geEA

< C'Fa(z,vg) Z Ga(vk, gls)LA(g, wls)
geA

= C'Fa(z, vk)Ga(vk, w]s).

Assume next that d(vg, w) < r+2¢+1. Then A contains the K-neighborhood
of any geodesic segment between vy and w. Hence by applying the Harnack
inequality (2.1) to the Pa-superharmonic functions Ga(z,-) and Ga(vg, - |s)
we get

Ga(x,w) < OTHHIGA (2, 01) < CTT2 ML Fp (2, 01) G A (v, vk |S)

< C’IQHMHFA(JC, g )Ga (v, w|s).

The proof is complete. |
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Applying the previous lemma to ji and using that F'(g,h) = L(h, g), we get
the following.

COROLLARY 2.3: We have
Ga(w,y) < C'Ga(w,v|s)La(v,y)
forw e ANNUy.pz,1).

We are now ready to prove the proposition.

Proof of Proposition 2.1. We follow the proof of [W, Theorem 27.12]. For v =
x,y the result is obvious. Assume v # z,y. Then € U, .,y and y € Uy y 4.
Since we have a nearest neighbor random walk, any path from x to y has to
pass through the set A = ANdU,,,, on the way from z to y. Therefore by
Lemma 2.2 we get

Ga(z,y) = > Galz,w)LA(w,y)

(23) weA

< C'Fa(x,v) Y Galv,wls)LA (w,y).
weA
Moreover, for each w € A we have w € N(Uy 4,4, 1)NA. Hence, by Corollary 2.3
we also have

GA('LU, y) < C/GA('LU, U|S)LA (’U, y)

Recall (see, e.g., [W, Lemma 27.5]) that if f is a superharmonic function then

the minimal superharmonic function dominating f on A is
a) =D FMg.h)f(h).
heA
Applying this to Ga(-,v|s) we conclude that for all a € A

> FR(a,w)Ga(w,y) < C" Y FA(a,w)Ga(w,v|s)La(v,y)
weA weA

< CIGA(G/, 'U|S)LA(U7 y)a

> Gala,w)LA(w,y) = Y FA(a,w)Ga(w,y)
(2.4) weA weEA

< C'Gala,v|s)La(v,y).
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Combing (2.3) and (2.4) with the resolvent equation
sGa(v,w|s) — Ga(v,w) = (s = 1) Z Ga(v,als)Gala,w),
acA

we get

GA(l‘ay)

SC’FA(IL‘, U) Z GA(”; w|S)L2 (wa y)
weA

<C'Fale) X {68000 + (1-1/9) 3 Galosal9)Ga ) {14 w0)

weA a€A
12 1
<C FA(ac,v){—GA(v,vLs) +(1-1/s) Z GA(U,a|s)GA(a,U|s)}LA(v,y).
5 a€A
Choose s’ such that s < s’ < 1/p(P). Then using the resolvent equation again
and the fact
PR (w,v) < pt (v,0) < p(P)",

we have
1
L Gatols) + (1= 1/5) Y Galv,als)Gala,vls)
5 a€EA
< EGA(’U,U|S) +(1-1/s) Z Ga(v,als)Ga(a,v|s)
s a€A
_ EGA(U,MS) + (1= 1) —{5'Galv,vls) — 5Ga(v,1]s)}
1 s’ ,
< ;GA(’U,U|S) +(1- 1/5)3’ — SGA(’U,’U|S )
!
! +(1—1/s) ®

= ST P)) & =50 pP)s)’

Denote the last expression by C”. Then, since Ga(v,v) > 1, if we set
C = C"*C", we obtain

Ga(z,y) < CFaA(2,0)Ga(v,v)La(v,y) = CFa(z,v)Ga(v,y),
and the proposition is proved. |

It will be convenient to have a version of the above proposition for the case

when v is only close to a geodesic segment.
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COROLLARY 2.4: For any Ry there exists C' > 1 such that ifz,y € T, a € [, y]
and v € N(«a, Ry), then

Ga(z,y) < C'Fa(z,v)Ga(v,y)

for any A C T containing N(«, Rg + R1).

Proof. By Proposition 2.1 applied to v" € « such that d(v,v") < Ry we have
Ga(z,y) < CGa(z,v)GA(V,y).

Since Ry > K, the set A contains N([v,v], K). So applying the Harnack
inequality (2.1) twice we get

Ga(z,y) < CCPrGa(2,0)Ga(v,y) = CO? 1 Fa(z,0)Ga(v,0)Ga (v, ),

so that we can take C’' = CC2' G(e, €). n

3. A Harnack inequality at infinity and the Holder condition

In [L] Ledrappier proves that in the case of a free group the Martin kernel is
Holder continuous, which is a discrete analogue of a result of Anderson and
Schoen [AS]. Our goal in this section is to extend this result to hyperbolic
groups.

The first step is to prove an analogue of [L, Theorem 3.1], a Harnack inequality
at infinity.

We say that a function w on I' is harmonic on A C T' if (Pu)(g) = u(g) for
g € A. Since we consider a nearest neighbor random walk, any function which
coincides with u on N (A, 1) is harmonic on A.

For r > 0 and p € I" we define

Cr(p) ={g €T (gle)p >r}.
We fix an integer R such that R > Ry+146+2, where Ry is from Proposition 2.1.

PROPOSITION 3.1: There exists a constant B > 1 satisfying the following prop-
erty. Letm € N,k € Nwith0 < k <m-—1,p € T with |p| = 3Rm and « € [p, e].
Assume that u, v are functions on I" which are positive and harmonic on Csgy(p)
and vanish at infinity on Csgi(p). Then we have

u(g) v(9)
u(a(3Rk + 2R)) = Bv(a(i’)sz +2R))

for g € CgR(k+1)(p).
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Proof. Let T(z) be the first time a path z from g € Csgr11(p) hits A =
dCsgri+1(p), and put T,, = min{T,n}. Note that A C C3grk(p). Since any
path from g stays in Csgi41(p) till it hits A (if ever), and w is harmonic on
Csrk+1(p), we have

ulg) = /Q u(or, )Py (2).

Since our random walk is transient, almost every path either hits A, or goes to
infinity. Since w vanishes at infinity on Csgi(p), letting n — oo we thus get

u(g) :/ u(zr)dPy( ZFA g,h
{T'<oo} heA

If g € C3rp+r(p), then any path from g to h € A passes through © =
dCsri+r(p). Hence, denoting Csgr+1(p) by A, we can write

(3.1) FMg,h)=>_ > Galg,a)LR(a,b)p(b, h).

a€O beA\O
If g € C3r(r+1)(p) and a € dC3pyyr(p) then (ale), > 3Rk + R — 1, whence
by d-hyperbolicity
(alg)p > min{(ale)p, (e|lg)p} —0 >3Rk+ R —1—4.
Since Apga is 46-thin, we conclude that for any b lying on a geodesic segment

v € [g,a] we have
(blg)p > 3Rk+ R —1— 30.

Therefore,
(ble)p > min{(b|g),, (gle)p} — > 3Rk + R — 1 — 40.
It follows that N (v, Rg + 89) is contained in Cspy41(p). On the other hand,
3Rk + R > (ale), > min{(alg)y, (gle)p} — 6 = (alg)p —

and so (alg), < 3Rk + 2R. Hence, if § € [p, g], then (3Rk + 2R) € N(v,49).
Denote a(3Rk+2R) by go. Then we also have d(B(3Rk+2R), go) < 49, because
(gle)p > 3R(k+1). It follows that go € N(v,85). Hence, by Corollary 2.4 there
exists B > 1 such that

FA(Q?QO)GA(Q(MGJ) < GA(gaa) < BFA(Q,QO)GA(QO,UJ),

for any g € C3g41)(p) and a € ©. By virtue of (3.1) we get

FA(gag())FA(g()ah) < FA(gah) S BFA(gag())FA(g()7h)'
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It follows that

Fa(g,90)u(g0) < u(g) < BFa(g,90)u(g0)-

Since the same inequalities hold for v, we get the result. |

Next we shall prove an analogue of [L, Lemma 3.10].

LEMMA 3.2: There exist B’ > 1 and 0 < o < 1 such that for any m € N, any
pair £,n € O with (§|n) > 3R(m + 2) and any geodesic ray {z(n)}>2, € [e,£]
the function

has the property
lo(9) = @(h)| < B'o*
for g,h € C3gks1)(p) with 1 <k < m, where p = z(3R(m + 2)).
Proof. The functions K(-,¢) and K(-,n) are positive and harmonic. We claim

that they vanish at infinity on C3g(p). Indeed, choose a geodesic ray {y(n)}, €
[e,n]. Since

lim((n)ly(n)) > (€]) — 26

by d-hyperbolicity, we have (z(n)|y(n)) > 3R(m + 2) — 2§ for any sufficiently
large n. Since the triangle Aey(n)x(n) is 45-thin, we then get

(3.2) (y(n)lp) > 3R(m + 2) — 44.

Let g € C5r(p). Choose « € [p,g], B € [p,y(n)], vy € [g,y(n)]. Denote x(3R(m+
1)) by g. Since (gle)p, > 3R, using 46-thinness of Agep we can find a € a such
that d(a,q) < 49. Since {«, 3,7} is 40-slim, we can find b € S U~ such that
d(a,b) < 46. If b € 8 then using (3.2) and that Aey(n)p is 46-thin we get

(b|p) > 3R(m + 2) — 66,

whence
(¢lp) > 3R(m + 2) — 144.

This is a contradiction as (¢q|p) = 3R(m + 1). Hence, b € ~. It follows that
q € N(v,80). By Corollary 2.4 there exists a constant C' such that

G(g,y(n)) < CG(g,9)G(q,y(n)),
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so that

_ g Gy o, Gl9,9)G g y(n) (L Gle:9)
Klgm = T e ) S i e oG s ~ CFeq)

Since G(-,q) vanishes at infinity by (1.1), we conclude that K(-,7) vanishes at

infinity on C5r(p). The same is true for K (-, &) as we could take n = &.
By Proposition 3.1 we have

K(g,¢) <B K(g,m)
K(x(3Rm+ R),§) =  K(z(3Rm+ R),n)

Let {y(n)}52, € [e,n]. Since as above (x(n)|y(n)) > 3R(m + 2) — 2§ for any n
sufficiently large, we have

(3.3) for g € Csr(p)-

d(x(3Rm + R),y(3Rm + R)) < 44.

Denote z(3Rm + R) by a and y(3Rm + R) by b. We have
— lim G(a,z(n)) . G(a,z(n)) _ G(e,e)
K09 =00 G a) =W Flea)Gla,e() ~ Flea)  Gle.a)

On the other hand, by Corollary 2.4 there exists a constant C such that
G(e,y(n)) < CG(e,b)G (b, y(n)),

whence

. Gbym) 1
Kb, m) 2 i e G0 y)) — CGled)

Since G(e,b) < C{°G(e,a) by (2.1), we thus get
K(a,)/K(b,n) < CCI°Gle,e).
Put B’ = BCC{°G(e,e). Then in view of (3.3) we have

0<o(g) = K(g.¢) < B’ for g € Csr(p).

- K(g,m)
Denote K (g,&) by u(g) and K(g,n) by v(g). For 2 < k < m + 1, define

o, = _inf  o(g), Pp= sup ¢(g)
g€Csri(p) 9€C3ri(p)

and uk(g) = u(g) — ¢, v(g). Note that uy is positive on Czrk(p). Applying
Proposition 3.1 we have

Dy/B < ui(g)/v(g) < DB for g € C3ga41)(p),
where
ur(z(3R(k+ 1)+ R))

Dy = aBRET D T )
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We, therefore, obtain

<B4
9€Canmr1) V(9)

sup

9€C3R(k+1) ’U(g) ’

and so

Prt1 — Py = BQ(ka — )
Similarly by using vg(g) = @,v(g9) — u(g), we also get

P~ Prgq = B*(@), — Prt)-
Hence, if we set wy =), — ¢, , then we have

Wit + wi < B} (wi — wis1),
and thus wiy1 < owg, where

0<o=(B>-1)/(B>+1)<1.
Therefore, for g, h € Csg41)(p), we have
[o(9) = e(h)| S wpp1 < -~ <o*lwy < B'ot T,

and the proof of the lemma is complete. ]

We can now prove that the Martin kernel is Holder continuous.

THEOREM 3.3: There exist 0 < 7 < 1 and for any g € I' a constant H, > 0
such that for £, n € T,

|K(g,€) — K(g,m)] < Hyr¢".

Proof. The proof repeats that of [L, Theorem 3.7]. Let g € I". Let n € N be
such that
9R + |g| > 3Rn > 6R + |g],

where R is from Proposition 3.1. Let £, 1 € 9T be such that (¢|n) > 3Rn. Then
3R(m+3) > (&|n) > 3R(m + 2)
for some m > n — 2. Let {z(n)}52, € [e,]. Put p=x(3R(m + 2)). Then
(9le)p = Ipl = |gl = 3Rn — |g| > 6R,

so that g € Csr(p). Take k € N such that 3R(k + 2) > (gle), > 3R(k + 1). By
applying Lemma 3.2 to g,e € Csg,41)(p), we have

’K(Q,E) N
K(g,n)

1‘ < B'okF1,
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Hence,

|K(g,¢) — K(g,m)| < K(g,m)B'a",
Note that

(€ln) <3R(m+3) = |p| + 3R = (gle)p + (glp)e + 3R
<3R(k+2)+|g| +3R=3R(k—1)+|g| +12R.
Thus if we put 7 = o*/3% and M, = sup{K(g,(): ¢ € 9T}, then
(34) |K(9,) — K(g,m)| < B'K(g,n)7 1971217 E < B/ 7= lol 12876,

for any £ and 5 such that (£|n) > 3Rn. On the other hand, if ({|n) < 3Rn <
12R + |g| then

|K(g,¢) — K(g,m)| <2M, < QMQT_‘g‘_uRT(&W-
Thus it suffices to put H, = 2B’ M,7~191712E, [ |
From the proof of the above theorem we also get the following.
COROLLARY 3.4: There exist H > 0 and Lo > 0 such that
‘M _ 1‘ < HrEm ol
K(g,n)
whenever (¢|n) — |g| > Lo.

Proof. Using the notation from the proof of the theorem, take Ly > 9R >
3Rn — |g|. Then if (¢{|n) > Lo + |g|, we have ({|n) > 3Rn, so that by the first
inequality in (3.4)

’K(g7§) _ 1’ < B/T*12R7—(E"’7)7‘9‘.
K(g,n) B

Thus we can take H = B/712E, (]

4. A Gibbs-like property of a harmonic measure

For £ € OT" and R > 0, we define U(E, R) to be the set of all € 9T such that
for any pair of geodesic rays {z(n)}s2, € [e, ] and {y(n)}22, € [e, n], we have

Jim (z(n)ly(n) > R.

Remark that the sequence {(x(n)|y(n))}52, is nondecreasing and thus the above
limit always exists. These sets are considered as hyperbolic versions of cylindric
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sets. Note that if { € U(§, R) then ({|¢) > R, and by d-hyperbolicity if ({|¢) > R
then ¢ € U(&, R — 25). We also have that

(4.1) if neU(,R+6), then U(,R+9) Cc U(n,R).

The following property of the harmonic measure v = v, on JI' reminds of a
Gibbs measure.

THEOREM 4.1: There exists D > 1 such that for every £ € OT" and {z(n)}22, €
[e, €], we have

1 _vUR)

We need the following lemma to prove the theorem.

LEMMA 4.2: Let N € N be such that N > 13. Then, for any m € N, £ € 9T
and {z(n)}o2 € [e,&], we have

U(z(m)™'¢, N) C a(m)~U(E,m).
Proof. Let ¢ € z(m)U(z(m)~'¢, N) and {y(n)}2%, € [z(m),(]. Then
{z(m)"'y(n)}nio € [e,2(m)'¢] and  {z(m) " a(m+n)}n, € [e,x(m) 7],
Since x(m)~1¢ € U(z(m)~'€, N), we have

(x(m)"ty(n)|z(m) " z(m +n)) > N

(m
)"

for any n sufficiently large, whence
46 > d(z(m) " y(N), z(m) " z(m + N)) = d(y(N),z(m + N)).

Now let {z(n)}52, € [e,(]. Since the triangle (][0, m]) Uy Uz is 8-slim, there
exists a € (][0, m]) U z such that d(y(N),a) < 8. Then d(a,z(m + N)) < 126.
Since N > 126, we cannot have a € x([0,m]). Hence, a € z. Let a = z(k). As
d(z(k),z(m 4+ N)) < 126, we have |m + N — k| < 126, and therefore,

d(z(m+ N),z(m + N)) < 240.
It follows that for any n > N + m we have
(z(n)|z(n)) > (z(m + N)|z(m+ N)) > m+ N — 126.
Then, for any {z'(n)}52, € [e, &,
hrrln(z(n)|ac’(n)) >m+ N —135 > m.
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Thus ¢ € U(&, m). |

Proof of Theorem 4.1. Let n € U({,R) and {y(n)}52, € [e,n]. Then
(x(m)|y(m)) > R for sufficiently large m, whence d(x(R),y(R)) < 46. Thanks
to Corollary 2.4 there exists a positive constant C' such that

F(e,z(R))G(x(R),y(m)) < G(e,y(m)) < CF (e, z(R))G(2(R),y(m)).
Dividing by G(e,y(m)) and letting m — oo we get

dl/z(R)
dv

dl/z(R)
dv

Integrating over U (¢, R) we obtain

v(U(E, R))
F(e, z(R))

F(e, x(R))

(n) <1< CF(e,z(R))

(1)

Fix N > 136. Since
ver)(U(€,R)) = v(z(R)'U(&, R)) > v(U(x(R) "¢, N))

by Lemma 4.2, to prove the theorem it suffices to show that there exists a
positive constant D’ such that v(U(x(R)™'¢, N)) > D’ for any £ € 9T, R € N
and {(n)}32 € [e, €]

Assume such a constant does not exist. Then there exist { € II', my € N
and {zr(n)}2, € [e, &] such that

v(U(zp(mi) 'k, N)) = 0 as k — oo.

Since JI' is compact, by taking a subsequence if necessary, we may assume
that the sequence {ny = zx(my) 1€k} converges to a point ¢ € OT'. Then (4.1)
implies that for sufficiently large k the set U (nx, N') contains U (¢, N+¢). Hence,
v(U(¢,N +6)) = 0. This is a contradiction, because the action of T on I is
minimal and hence, any open set has positive measure. |

5. A Livschitz type theorem

Livschitz’ theorem [KH, Theorem 19.2.1] says that every Holder continuous
cocycle of a topologically transitive hyperbolic dynamical system which vanishes
on all periodic points, is a coboundary given by a Hoélder continuous function
with the same exponent. In this section we establish a Livschitz type theorem
for the boundary action of a hyperbolic group.
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It is known that every infinite order element g € T acts on OI" as a hyperbolic
homeomorphism, i.e., there are exactly two fixed points g™ and g~ in OI' such
that ¢gT is stable and g~ is unstable. For any open subsets U+  OI' with
gt € Ut and g- € U™, it holds that ¢g"(0T' \ U~) C U™ for sufficiently large
n > 0. For h € T, the sequence {¢g"h}>°, converges to g+ and {g~"h}5°,
converges to g~ .

THEOREM 5.1: Let P be a group with a two-sided invariant metric p such that
P is complete with respect to p. We assume that c: I' x OI' — P is a Hélder
continuous cocycle, that is,

(1) there exist positive constants 0 < 7 < 1 and A, for each g € I" satisfying

ple(g,€),c(g,m) < AgrEIM Ve n e ar,

(2) the cocycle identity c¢(gh,w) = ¢(g,w)c(h, g~ !
and w € JT.

We assume c(g,g7) = ¢(g,g~) = e for every infinite order element g € . Then

w) holds for every g,h € T

there exists a continuous map b: OI' — P satisfying

c(g,&) =b(E)b(g7 ¢, VgeTl, V¢ e or.

The map b satisfies Holder continuity with the same exponent as c, that is,
there exists a positive constant A such that

p(b(€),b(n)) < ArEIm ¢, n e ar.
Before proving the theorem, we show a few lemmas.

LEMMA 5.2: Let g € I' be an infinite order element and r > 0. Then there
exists a constant C(g,r) depending only on g, r and ¢ such that the following
holds for any £,m € 0T\ V,.(¢7) and any natural number n:

(g"Elg™n) = lg~" |+ (&ln) — C(g, 7).
Proof. Let z € [e,£] and y € [e,7]. Then
(g"x(m)lg"y(m)) = (x(m)ly(m)) + 7" = (¢~ "[z(m)) — (97" |y(m))
and so
(¢"€lg"™n) = Tim (g"x(m)|g"y(m))
> (€ln) =26+ |g7"| = liminf(g™"|z(m)) — lim inf(g~"[y(m)).
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Let z € [e, g7 ]. Since {z(m)}55_o and {g~"}52, converge to the same point g,
there exists mg such that (¢~™|z(m)) > r + J holds for any m,n > mg. Since
£ ¢ V(g™) and 1 ¢ Vy(g™), we have ((m)|2(m)) < r and (y(m)|2(m)) < r for
any m € N. Thus §-hyperbolicity implies

min{(g~"|z(m)), (g~ "[z(m))} = 6 < (x(m)[z(m)) <r
and so (¢ "|xz(m)) < r + 6 holds for any m,n > mg. In particular, for any
n > mqo we get
liminf(g~"|z(m)) < r+4.

Therefore,
(9"€lg™n) = (&ln) + 97" — 26 — 2max{r +6,|g~"[: 0 < k < mo}

holds for any natural number n. |

LEMMA 5.3: Let g € ' be an infinite order element and h € I'. We assume that
hg™ # g~. Then there exists mg , € N such that

(1) the element g™h is of infinite order for any n > my p,
(2) the sequence {(g"h)"}72,, , converges to g™

Proof. (1). Let U be a neighborhood of gt such that g~ ¢ hU, where U is the
closure of U. Then there exists m € N such that g"hU is strictly included in U
for any n > m. For such n, the g"h-orbit of any point in U \ g"hU is an infinite
set, which shows that ¢g™h is of infinite order.

(2). The above argument shows that w # (¢"h)~ for any w € U \ g"hU.
Hence, the sequence {(¢g"h)*w}?S, converges to (¢"h)*, which shows that
(g"h)* belongs to U. Since this holds for every U as above and sufficiently
large n, we get the statement. |

LEMMA 5.4: Let g € T be an infinite order element andn € N. For € € 0T'\{g™}
we set by (&) = c(g™™,&). Then the sequence {by,}52; converges to a map
by: OT'\ {¢g~} — P uniformly on every compact subset of OI' \ {g~}. Moreover,
there exists a constant C'(g,r) > 0 such that for any {,n € OT'\ V,.(¢g~) the
following estimate holds:

p(bg(€),by(m) < C' (g, )71,

Proof. Let £,n € 9T\ V,.(¢7). By the cocycle identity, we have
bg,nJrl(g) = bg,n(g)c(g_lagn§)~
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Thus, thanks to Lemma 5.2, we have

P(bg.n(€),bgn+1(£)) = ple,c(g™", ™€) = plclg™, 9" "), c(g7 ", g7))
< Agfng’"'lJr(g*IE)*C(gm)

< A9717—|97"|*C(97T).

Since ¢ is an infinite order element, there exist constants s,¢ > 0 such that
lg~™| > sn —t for any n € N (see [GH, Chapitre 8, Proposition 21]). Thus the
first statement holds.
Since the above cocycle identity and Lemma 5.2 imply
1
p(elg™,9%€), g™t g"n))

3
|

IN

P(bg,n(g)a bg,n(n))

T
= O

IN

Agfl7-|97k [+ (Elm=Clgr)

el
Il

1

the second statement holds with

o0
=S Ayl Cn g
k=0

LEMMA 5.5: Let g € ' be an infinite order element.
(1) Let h € I with hg"™ # g~. Then by(hg™) = c(h™!,g*)~! holds.
(2) Let k €T and £ € 90\ {g~, kg~ }. Then by(£) = bygp—1 (E)c(k™t, g7) ™
holds.

Proof. (1). Lemmas 5.3 and 5.4 imply
by(hg™) = lim byn(h(g"h)") = lim c(g™" h(g"h)")
~ tim e(h (g"h)) elh g (g7h) )
=c(h ™t g") .
(2). Let I € T with gt € 9T\ {g~, kg~ }. Then (1) implies
by(lg™) = (U™, g") 7 = ekl kg) T le(k7 )7
(kl L (kgk™ ) ek g )
ot (e (kgk ™) F)e(k™H, g7) 7
( 1

kgk 1 ngr) ( 7g+)7 :
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Since by and by,x-1 are continuous on 9I'\ {g~, kg~ } and I'g™ is dense in IT,
we get the statement. |

Proof of Theorem 5.1. We fix an infinite order element g € I'. Then Lemma 5.5
(2) with k& € T satisfying g~ # kg~ shows that b, has a unique continuous
extension b: ' — P, which satisfies b(g™) = byye-1(97)c(k™*,g%)~!. Note
that this value does not depend on the choice of k as above.

We first show the Holder continuity of b. We take hi,hy € T' such that
wo = g7, w1 := h1g” and wy := hog~ are distinct points. We choose r > 0
satisfying V. (w;) NV, (w;) = 0 for any i # j and set

A =max{C'(g,7), C’(hlghfl, T), Cl(hggh;l,?")}.

Note that for any & # n € OT', there exists i € {0,1,2} such that £, €
OI'\ V;(w;). Now Lemma 5.4 and Lemma 5.5,(2) imply

p(B(E), b(n)) < AT,

We claim that b(hgt) = c¢(h™t,g™)~! holds for any h € T', which has already
been shown for h with hgt # ¢g—. Assume that h € I satisfies hg™ = g—. Then

g~ # hg™ and
b(hg+) = b(g_) = bhg}L*I(g_)c(h_lvg-i_)_l'
Since we have (hgh™!)™ = g, the claim follows from

bhghfl(g_) = bhghfl((hgh_l)-i_) = lim C((hgh_l)_na (hgh_1)+) =ec.

For any h,k € I", we have
b(kgTo(h 'kg™) ™t = c(k™, g") " te(k™ h,gT) = c(h, kg™).

Since c(h,-) and b are continuous and the T-orbit of g* is dense in T, this
finishes the proof. |

6. Types of harmonic measures

Let g € T be an infinite order element. We define
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Note that being a nonzero positive harmonic function, K (-,{) is nowhere van-
ishing, so that r(g) > 0. We can also write

Gle, ") 1
= lim ———== lim G(e,g")"/"
T(g) n—1>r-|I-1<>o G(e,g") 7L—1>I-i1-1<>o (e,g )
. F(e,g"*) : 1
= 1 g 7] F n\1l/n
niIJIrloo F(e, g”) n~1>IJIrloo (6, g )
— Suva(e,gn)l/n7
n>1

where the last equality follows from F(e, ¢g")F(e,g™) = F(e, g™)F (g™, g™ ") <
F(e,g™*™). Since F(e,g™) < 1, we see that r(g) < 1. We put r(g) = 1 for any
finite order element g € T'.

LEMMA 6.1: The function r on T is a class function satisfying r(g*) = r(g)*
for k € N. If u is symmetric, then r(g) = r(g—').

Proof. The Martin kernel is a cocycle, that is,
K(gh,&) = K(g,§)K(h,g~"¢), and thus K(h™',¢) = K(h,h§)~".

Using that (¢")* = g+ and (hgh™!)* = hg* one easily checks that r(g*) =
r(g)* for k € N and r(hgh™') = r(g).

When p is symmetric, we have G(e,g") = G(e,g™"). Hence, r(g) =
rig7). ®

Example 6.2: Consider the simple random walk defined by the canonical sym-
metric generating set S of F. Then

1

Fle,s) = SN 1

for s € S, see e.g. [L, Sect. 2a]. It follows that
F(e,g) = (2N —1)~l4l
for any g € Fy. We can then conclude that
r(g) = (2N —1)~",
where /4 is the minimal length of elements in the conjugacy class of g.

LEMMA 6.3: If g € T is an infinite order element, then r(g) < 1.
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Proof. Let |g| = I. By [GH, Chapitre 8, Proposition 21], there exists a (A, c)-
quasi-geodesic ray {f(n)}>2, on I' such that f(In) = g" for all n > 0. By
quasi-geodesic stability [GH, Chapitre 5, Théoréeme 6], there exists a positive
constant H = H(, \, ¢) such that the quasi-geodesic segment f([lm,In]) is in
the H-neighborhood of some geodesic segment oy, , € [¢™,g"] for m < n.
Therefore, thanks to Corollary 2.4, there exists C' > 1 such that

F(e,g™"") < CF(e,g™)F(g™,g™"™)
for m,n € N. This implies
F(e,gm(nJrl)) < CF(e’gmn)F(gmn7gm(n+1)) — CF(@,gmn)F(e,gm).

Hence, we have

F(e, gm(nJrl))

< CF(e,g™).
" Fleogm) (9"

Since F(e,g™) — 0 as m — oo by (1.1), we see that r(¢™) < 1 for suffi-
ciently large m. As r(¢g™) = r(g)™ by the previous lemma, it follows that
rg)<1l. W

Denote by R(I', u) = R(T, 0T, v) the orbit equivalence relation defined by
the action of " on (JT', v).

Recall that by definition the ratio set (T, dT',v) consists of all A > 0 such
that for any € > 0 and any subset A C OI of positive measure there exists g € I'
such that the set of w € gA N A satisfying

dgv

o (w)—)\‘<€

has positive measure.

Note that R(T, ) is ergodic, amenable and of type III, by [K2, Theorem 3.2.1].
Hence, {0,1} C r(I",0T",v), and r(I", 0T, v) \ {0} is a closed multiplicative sub-
group of (0,4+00). One says that R([, u) is of type Iy, Iy (0 < A < 1) or
ITT; depending on whether this group is {1}, {\"},ez or (0,400). Recall also
that for 0 < A < 1 there is only one amenable ergodic equivalence relation of
type III,.

We can now formulate our main result.



310 M. IZUMI, S. NESHVEYEV AND R. OKAYASU Isr. J. Math.

THEOREM 6.4: Let I' be a nonelementary hyperbolic group, v the harmonic
measure on I defined by a finitely supported nondegenerate probability mea-
sure 4t on I'. Then r(I',0T",v) \ {0} is the closed multiplicative subgroup of
(0,4+00) generated by {r(g)}g4er. In particular, R(I', 1) is never of type III.

Note that since the harmonic measure is nonatomic and any infinite order
element has only two fixed points, the crossed product L (9T, v) x T is a factor
if " is torsion-free. The theorem gives then the type of this factor.

To prove the theorem we need the following lemmas.

LEMMA 6.5: Let g € I' be an infinite order element. Then there exists Ly > 0
such that for any © € T, there is y € T' such that |y| < L; and |zyg™| >

|x| + |¢g"™| — Ly for all n € Z.

Proof. Since T' is nonelementary, there is @ € I' such that for h = aga™"' we
have {g*} N {h*} = 0, see e.g., the proof of [GH, Chapitre 8, Théoreme 37].
Then there is M > 0 such that

(g"|h™) < M for all n,m € Z,

since otherwise we could find a subsequence {x,}22 ; of {¢™},cz converging to
a point in {g*} and a subsequence {y,,}°%, of {h"},cz converging to a point
in {h*} such that {x,}, and {y,}. are equivalent.

Take Ly > 2M + 26 + 3la|. Let z € T. If (7 |¢g") < M + 6 for any n € Z,
then we have

2M +26 > |z| + |g"| — |xg"]
and hence, we can take y = e. If there is m € Z such that (z7!|g™) > M + 4,
then for any n € Z,
M = (h"[g™) = min{(z""[h"), (@7 |g™)} — 6 = (@7 [h") — 4.
Hence, we obtain
M +6> (27 ") = (27 ag™a™?).
Therefore, we have
2M + 26 > || + |ag"a Y| — |rag"a™t| > |x| + |g"| — |vag™| — 3|al.

Thus in this case we can take y = a. |

LEMMA 6.6: If {r(g)}ger is a subset of {\"},ez for some 0 < A < 1, then
r(T', 0T, v) \ {0} is a subgroup of {\"}nez.
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Proof. Let T = —2r/logX and set ¢(g,€) = K(g,&)V~'". Then thanks to
Corollary 3.4, the cocycle c satisfies the assumption of Theorem 5.1 with P =
T = R/27Z and there exists a continuous map b: OI' — T satisfying ¢(g,§) =
b(&)b(g¢)~! for all g € T and & € AI'. We choose a Borel map f: T — (A, 1]
satisfying b(¢) = f (f)‘/’_lT for all £ and set v; = fv. Then vy is equivalent to
v and satisfies

dgin

du

This shows the statement. [ |

(w) € {\"}nez, VgeT, Vwedl.

Proof of Theorem 6.4. The proof is inspired by Bowen’s computation of the
ratio set of a Gibbs measure in [B, Lemma 8§].

Thanks to Lemma 6.6, to prove the theorem it suffices to show that r(g)
belongs to the ratio set for any g € I'. So let g € I' be an infinite order element
and A =r(g9) = K(g7',g"). Let ¢ > 0 and A C OT" with v(A) > 0.

There exists a visual metric p on JI' such that for almost every w € A we
have

lim v(AN B(w,T))
r—0  v(B(w,r))
Indeed, by [BS, Theorems 9.1 and 9.2] there exists a visual metric p such that

=1

(0T, p) embeds isometrically into R™ for some n. Then, the above convergence
holds by a classical result of Besicovitch, see e.g. [F]. Note that using Theo-
rem 4.1 one can then show that the convergence holds for any visual metric,
but we do not need this.

Therefore, there exist w € A, Ny € N and closed neighborhoods W (R) of w
for R > Ny such that

(6.1) U(w,R— Ny) D W(R) D U(w, R)
and
(6.2) wﬂl as R— oo

Fix a geodesic ray {w(n)}22, € [e,w].
By Corollary 3.4 there is Ly > 0 such that

(6.3) et < =L <e® if (€n) —|h| = Lo.
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By Lemma 6.5 there exists L; > 0 such that for any x there is y € I' such
that

(6.4) lyl < Ly and |zyg"| > |z| + |¢"| — L1 for n € Z.
Since K(g~!,-) is continuous, there is Ly > 0 such that
(6.5) A S < K(g7h¢) < Ae® for C€U(gh, Ly).

Choose an integer L > max{4, |g|, Lo, L1, L2}.
Fix N € N to be specified later and put = w(N). Then choose y satisfy-
ing (6.4) and put h = zy. Consider V' = U (hg™, N + 14L). We claim that

(6.6) =YV cU(g",11L) and gh™'V Cc U(g",10L).

Indeed, let ¢ € U(hgt, N +14L). Then (¢|hg™) > N + 14L. Since |h| < N + L,
we thus get
(h'¢lg*) = (¢lhg™) — || > 13L.
Hence, h=1¢ € U(g*,13L — 26) C U(g*+,11L). Since |[gh™!| < N + 2L, we
similarly get gh='V C U(g*+,10L).
Next we claim that

(6.7) hU(g+,10L) C U(hg*, N + 4L).

Let ¢ € U(g™,10L). Take geodesic rays z € [e,(] and v € [e, g7]. Note that
liminf(()lg™) > lim (z()lo(n)) — 5 > OL.

Since by (6.4)

(leyl + L —fa]) < L

N~

(h"1g") = 5 (9] +1g"| ~ loyg"]) <
for any n € Z, we get
L3> (Vg™ > min{(h~2(), (2()lg™)} — 6,
and so (h=1]z(n)) < L+ 6 < 2L for n large enough, so that, since |h| > N — L,
(ha(n)] > Bl + |=(n)| — 4L > |=(n)] + N — 5L.
Therefore, using that |hg™| > |¢"| + N — L by (6.4), we get
(h=(lhg") > 5(I=(m)] + N = 5L+ 1g" | + N ~ L~ d(x(n), g"))
=N 3L+ (:(n)lg")
>N +6L
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for sufficiently large n. Hence, (h(|hg™) > N + 6L and thus h¢ € U(hgt, N +
6L — 26) C U(hg*, N + 4L).
By (6.6) and (6.7), we have

(6.8) hgh™'V C U(hg™, N +4L).

For any ¢ € V', by using the cocycle property we obtain

K(h,¢)

K(hg~'h™,¢) = K(gflvhflom-

Since h=1¢ € U(g™,11L) by (6.6), the first factor on the right hand side of the
above equality is in [Ae™¢, Ae®] by (6.5). Since |h| < N + L, we have, by (6.8),

(¢lhgh™'¢) = min{(¢|hg™), (hgh™'¢|hgt)} — 20 > N + 4L — 26
>N +2L
> |h| + L.

Hence, the second factor is in [e™¢, e®] by (6.3). Thus
(6.9) e 2 < K(hg 'h™',¢) < Xe** for € V.

To complete the proof it suffices to show that by choosing sufficiently large N
we could arrange v(V N ANhg~th™1A) > 0.
We shall check first that

(6.10) V CU(w,N —4L) and hgh 'V C U(w,N —4L).

By virtue of (6.8) it suffices to show that U(hg™, N + 4L) C U(w, N — 4L).
Since

2(w(n)|hg™) > n + |hg"| = [w(n) " w(N)| = [w(N) " hg"|
zn+ (N+[g"[-L)—(n—N)—(L+]g"])
— 9N — 2L,
we have (w|hg™) > N — L, so that w € U(hg",N —3L) C U(hg™, N — 4L+ ).

By (4.1), it follows that U(hg™, N —3L) C U(hgt,N —4L+§) C U(w, N —4L),
and (6.10) is proved. Similarly we have U(w, N —3L) C U(hgt, N —4L).
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Then by Theorem 4.1, for N > 4L and {v(n)}>2, € [e, hg™| we obtain
Fle, (N + 14L))
D
Fle,o(N — 4L))F(u(N — 4L), v(N + 14L))
D
_ Fle,o(N — AL))F(e,v(N — AL)"'v(N + 14L))
o D
_ v{U(hg*, N = AL))F(e,v(N —4L)~"o(N + 14L))
> D2
V(U (w, N — 3L))F(e,v(N — 4L)"'w(N + 14L))
D2

v(V) >

Y

and similarly
v(U(w, N — Ng — 4L))F(e,w(N — Ny — 4L) " *w(N — 3L))

v(U(w,N—-3L)) > T2

Thus if we put
F(e,z1)F(e,x2)

- o | = 18L, |:r2|:N0+L} >0,

c:min{

then
v(V) > cev(U(w,N — Ng —4L)) > ecv(W(N — 4L)),

where the second inequality follows from (6.1). Let ey > 0 be such that
V(ANW(N —4L)) = (1 —en)v(W(N —4L)).

Then ey — 0 as N — oo by (6.2). So if we denote ANV by X, then since
V C W(N —4L) by (6.1) and (6.10), we get

V(X)) > v(ANW(N —4L)) — v(W(N — 4L)\ V)

= (1 — en)u(W(N —4L)) — (W(W(N — 4L)) — v(V))

= —env(W(N —4L)) + v(V)

> (c—en)W(W(N —4L)) > 0
for N sufficiently large. Since

hgh™ ) = [ K (hg 1, Odv(0) 2 A Hu(X)
> (e — en)Ae Ep(W(N — 4L)),

we similarly obtain

v((hgh™*X)N A) > {(c — en)re™* —en}v(W(N —4L)).
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The latter expression is strictly positive if N is sufficiently large. Thus v(V N
ANhg th=tA) = v(X Nhg 'h™1A) > 0, and the proof of the theorem is
complete. |
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